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MN�N���S��TUVQ
^ glalmX cZ®ba²lgr gf^X`cr `a ¾fajeci e^doael`ni d`^¾^^_YaZcriu ^oYXjXfrXdnX Zade`®±l^k ��È^Yd^k g d^Yg^hgecdc ^g^_X``^glrdcp 
ajaba ^_ cZ®bX`cc l^o^f^¾cbXge^k glY®el®Yno^hXYi`^glXk ®Y^h`r laeci È^Yd _nfa o^glahfX`a Ýp¿p�^hce^hnd h Ya_^lX ���p  l^l h^oY^gcZ®bafgr h Ya_^lai �½�Â �+�p ^ ja``^k glalmX cggfXj®Xlgr oY^_fXda g®³Xglh^ha`cr `Xe^doael±`^¾^ gf^ru j^eaZa` oYcZ`ae `Xe^doael`^glc gf^X`cr h lXYdc`ai glXoX`c cYYaÃc^`afm`^glcÈ^Ydn - u o^eaZa`^u bl^ `Xe^doael`^glm gf^X`cr rhfrXlgr gf®baXd ^_³X¾^ o^f^xX`crp&aggd^lYcd e^doael`^X d`^¾^^_YaZcX v c ^oYXjXfX``®² `a `Xd Zade`®l®² ��È^Yd® - gd^Yg^hgecdc ^g^_X``^glrdcp 
ade`®lar È^Yda - ^oYXjXfrXl `a d`^xXglhX v−

�{|�- gf^X`cXe^YaZdXY`^glc �p Ý^^lhXlglhX``^u `a v ^oYXjXfX`^ gf^X`cX g ^g^_X``^glrdcu o^f®baXd^XoYcg^Xjc`X`cXd e v −
�{|�- ^g^_ni l^bXeu ^_^Z`abcd X¾^ �, p �®jXd ¾^h^Yclmu bl^ gf^kÁ

∈ �, rhfrXlgr e^doael`ndu Xgfc ^` rhfrXlgr `X^g^_nd e^doael`nd gf^Xdu fc_^ d^xXl_nlm e^doaelcÈcÃcY^ha` j^_ahfX`cXd ^g^_ni l^bXep Ýf^X`cX �, `aZnhaXlgr e^doael`nduXgfc hgX X¾^ gf^c e^doael`np
��R�������� �N &aggd^lYcd Á Â `X^g^_nk e^doael`nk gf^k �, Â c ^l^_YaxX`cX Á → �Á�

∈ Å�−�[v]p $^¾ja ^_YaZ d`^xXglha e^doael`ni gf^Xh oYc Ul^d ^l^_YaxX`cc o^Y^xjaXlo^j¾Y®oo® h Å�
−

�[v]p ¼_^Z`abcd XX Å, p
Ýf^X`cX �, iaYaelXYcZ®Xlgr lXdu bl^ Xgfc ÁzÁ′ ∈ �, u l^ Á∩Á′ w∅ p &aggd^lYcd ¾Y®oo®Å�
−

�[v] c ^oXYaÃc² oXYXgXbX`cr ¾^d^f^¾cbXgeci efagg^h
Å�

−
�[v]× Å�−�[v]→ Å�−�[v]Ü%gfc Áu Á′ Â `X^g^_nX e^doael`nX gf^c �, u l^ �Á� ◦ �Á′� w �p��R�������� ´N &aggd^lYcd lae®² o^j¾Y®oo® Å ⊂ Å�−�[v]u bl^ s ◦ � w � ∀ sz� ∈ Åp�aZ^hXd Å cZ^lY^o`^k o^j¾Y®oo^k ^l`^gclXfm`^ ^oXYaÃcc oXYXgXbX`cr Ãcef^hp Z^lY^o`aro^j¾Y®ooa Å `aZnhaXlgr ª���¦ª��¹��¶u Xgfc ∀ s Û∈ Å ∃ � ∈ Å | s◦� 6w �p &a`¾ daegcdafm`^kcZ^lY^o`^k o^j¾Y®oon ^_^Z`abcd �Ð[v]p

¼bXhcj`^u o^j¾Y®ooa e^doael`ni gf^Xh Å, rhfrXlgr cZ^lY^o`^k o^j¾Y®oo^k h Å�
−

�[v]p
V^x`^ o^eaZalmu bl^ �Ð[v] ^oYXjXfrXlgr `X^j`^Z`ab`^p ¼_^Z`abcd daegcdafm`^X Z`abX`cX
�Ð[v] bXYXZ ����Ð [v]p

��R�������� Ò ���N ÝlXoX`m² cYYaÃc^`afm`^glc È^Ydn - `aZnhaXlgr hXfcbc`a
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-ff− �z
¾jX ��z Ü Ü Ü z�� Â _aZcg h Å�[v]p
^ Ya_^lX ��� _nf^ o^eaZa`^u bl^ Xgfc #{àà- w �u l^ gf^X`cX �, e^doael`^p ^ glalmX �?�_nf j^eaZa` gfXj®²³ck oYcZ`ae `Xe^doael`^glc gf^X`cr `a v�� p
��UR��Q ´ �?� N ���¦ #{àà- >

� �� v�� u �� �����¦��, ¦ª��� ����ª������¶ ���¶¬
q^eaxXd ^_^_³X`cX Ul^k lX^YXdn `a d`^¾^^_YaZcX oY^cZh^fm`^k YaZdXY`^glcp
��UR��QN ���¦ �� ª��»�����¸¦¦ v �����¦��, ������������ ª��������¶ Ø��ª�¶ -¦ #{àà- >

����Ð [v]u �� �����¦��, ¦ª��� ����ª������¶ ���¶¬
&UTQ'Q���S��VUN ¿®glm gf^X`cX �, e^doael`^p &aggd^lYcd `X^g^_nk gf^k Á ∈ �, p¿^ge^fme® -˛̨Ì w �u l^ h `Xe^l^Y^k ^eYXgl`^glc Á È^Yda l^b`a¨ - w *Ê c gf^c �, Â

Ul^ ®Y^h`c È®`eÃcc Ê p ^ ^eYXgl`^glcu ¾jX �à;# Ê 6w � [lpXp È^Yda - `X^g^_a]u hgX gf^cjcÈÈX^d^YÈ`np $aecd ^_YaZ^du eaxjnk `X^g^_nk gf^k Á ^_fajaXl ^eYXgl`^glm²u g^gl^r³XkcZ jcÈÈX^d^YÈ`ni Xd® gf^Xhp¼_^Z`abcd daegcdafm`®² cZ laeci ^eYXgl`^glXk �[Á]p  la ^eYXgl`^glm oYXjglahfrXl
g^_^k Ãcfc`jY g ^_YaZ®²³Xk Á¨ �[Á] w Á × Rp &aggd^lYcd XX Zadnea`cX º w �[Á]p #Yakº g^jXYxclu o^ eYak`Xk dXYXu ^j`® eYclcbXge®² l^be® È^Ydn - p ¿®glm Á′ Â X³X ^jc`
`X^g^_nk e^doael`nk gf^k �, p ¼bXhcj`^u Ãcfc`jYn �[Á] c �[Á′] fc_^ `X oXYXgXea²lgr
fc_^ g^hoaja²lu oYc Ul^d º ∩ º ′ ⊂ �º ∪ �º ′ p
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¿^ge^fme® - Â d^Yg^hgear È^Yda c v Â e^doael`^X d`^¾^^_YaZcXu l^ ^g^_ni l^bXe e^`Xb±`^X bcgf^p ÝfXj^halXfm`^u bcgf^ YaZfcb`ni Ãcfc`jY^h �[Á] l^xX e^`Xb`^p $aecd ^_YaZ^dud`^¾^^_YaZcX vu `a e^l^Y^d Zaja`^ e^doael`^X gf^X`cXu o%Xjglahcd^ h hcjX¨
v w
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¾jX Ö! Â ^g^_nX l^bec È^%dn - u ÁÐ� Â ^g^_nX gf^c �, p¼_^Z`abcd º� w �[Á�] c ( w S���� �º�p ¼bXhcj`^u bl^ Ö! ∈ ( c ÁÐ� ∈ ( p $^¾jav wS���� º�u oYcbXd º� ∩ º! ⊂ ( pggfXj®Xd ghrZm ¾^d^f^¾ck Å�[v] c oYXjglahfX`cr v w S���� º�p go^fmZ®r l^b`®²o^gfXj^halXfm`^glm VakXYaÂ^cXl^Ycgau d^x`^ o^eaZalmu bl^ Å�[v] w ˙ �∗Å�[º�]z��Á��z
 w �z Ü Ü Ü zÇ¸u ¾jX  � ¨ º� →
vp ¿^ge^fme® º� w �[Á�]u �º� ∩

�{|�- 6w ∅ c È^Yda -f^eafm`^ rhfrXlgr l^b`^ku l^u Yaggd^lYXh oXYXglY^ke® V^Yga h ^g^_^k l^beXu o^f®bcdÅ�[v] w ˙"�∗Å�[Á�]z��Á��z
 w �z Ü Ü Ü zÇ¸ u ¾jX "� ¨ Á�→
v hf^xX`cXp

^nbcgfcd oXYc^jn È^Ydn - p q^glal^b`^ Yaggd^lYXlm � ∈ Å�[Á�] c � w ��Á��p ¼bXhcj`^ubl^ R�- w � ∀ � ∈ Å�[Á�]u lae eae Á� ∈ �, p ÝfXj^halXfm`^u `a v d^¾®l _nlm ^lfcb`n ^l
`®fr l^fme^ c`lX¾Yafn o^ Ãcefadu lYa`ghXYgafm`nd Á�¨ �� w ��Á��u  w �z Ü Ü Ü zÇ p ¿Yc Ul^dubcgf^ c`lX¾Yaf^h R�$ - u `XZahcgcdni `aj Q

u ^bXhcj`^u `X oYXh^gî jcl bcgfa `XZahcgcdni
efagg^h �Á��u lpXp à(Å, p $aecd ^_YaZ^du `a d`^¾^^_YaZcc v
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 w à(Å, p ÝfXj^halXfm`^u #{àà- 6

à(Å,
− �6 ����Ð [v]− �p $X^YXda j^eaZa`ap

�XlY®j`^ o^eaZalmu bl^ �Ð[v�� ] w � u c l^¾ja lX^YXda ½ �?� `Xo^gYXjglhX``^ gfXj®Xl cZj^eaZa``^k lX^YXdnp&aggd^lYcd d^Yg^hgecX È^Ydn ^_³X¾^ o^f^xX`crp
������V��N ���¦ �� ª��»�����¸¦¦ v ���������¦� [� − �]�ª����� »�ª���»¦����¦�������� �� ��¥��������� �������u �� �����¦� Ø��ª� ����»� ����¥��¦� ¦ª�������ª������¶ ���¶¬
&UTQ'Q���S��VUN ¿^ge^fme® oXYXgXbX`cX ¾^d^f^¾cbXgeci efagg^h `X l^xjXglhX``^ `®±fXh^Xu l^ �Ð[v] Õ Ä�[v]p É^Yda ^_³X¾^ o^f^xX`cr cdXXl daegcdafm`®² glXoX`m cYYaÃc^±`afm`^glc #{àà- w Ä�[v]− �p ÝfXj^halXfm`^u #{àà- >

�Ð[v] cu g^¾fag`^ lX^YXdXu gf^X`cX
�, cdXXl `Xe^doael`nk gf^kp ÝfXjglhcX j^eaZa`^p
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